I. Introduction
Label-free mass sensing using cantilever-like resonators is an active field of multidisciplinary research 1, 2 . Depending on the size on the cantilever, the mass to be detected can vary from few atoms to relatively larger size like DNA and other biological molecules [3] [4] [5] [6] [7] [8] . With the advancement of manufacturing technology, micrometer size cantilever sensors are expected to be used in practice in the near future for a variety of applications including biosensors, environmental sensor, gas sensors and chemical sensors 6, [9] [10] [11] [12] [13] [14] . For any mechanical sensors to work in a reliable manner, it is necessary that the object to be sensed makes a detectable change in a quantity which can be measured easily and accurately.
The measurement of the resonance frequency is one of the most fundamental properties of an oscillator and can be measured reliably across a wide range of mechanical systems. Resonance based sensors offer significant potential of achieving the highfidelity requirement of many sensing applications [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . The central principle of mass detection is based on the fact that the effective resonance frequency of the oscillator is reduced when additional mass is attached. Using the reduction of the natural frequency, commonly termed as the frequency-shift, it is possible to 'predict' how much mass is responsible for causing that change. The idea is in principle simple, however, there are a number of practical issues which can influence the mass detection significantly. These include, but are not limited to, (1) the object absorbed on the cantilever is not a 'point-mass' but has a finite dimension, (2) the object has an intrinsic a) Electronic mail: S.Adhikari@swansea.ac.uk stiffness such that it can alter the effective stiffness of the underlying cantilever and therefore change the frequency in a different manner, (3) the position of the object absorbed on the cantilever may not be precisely known, (4) the 'attachment' between the object and the cantilever may not be perfectly rigid, (5) the shape of the object can introduce other mechanical effects such as rotary inertia and shear deformation, (6) the chemical composition and/or the surface tension of the object can introduce local surface stress to an extent that it alters the dynamics of the cantilever, and (7) the attached object itself can vibrate and therefore may bring new dynamics to the system. These issues, among many other issues, are still active areas of investigations (see for example [28] [29] [30] [31] ). Dynamic characteristics of resonators used for mass sensing is crucially affected by their Q-factors or damping factors [32] [33] [34] [35] [36] . In general, the higher the Q-factor, the better the quality of the measurement of the resonance frequencies. This is because (a) high Q-factor leads to a sharper peak in the frequency response making it easy to identify the resonance frequency, and (b) signal to noise ratio becomes much high when the Q-factor is high. Therefore, a broad aim of most sensor design is to have as high Q-factor as possible. While recent studies have shown that it is possible to have oscillators to have very high Q-factors, in some cases this may not be always possible. One example is cantilever sensors immersed in a fluidic environment 37, 38 where the surrounding fluid can be a source of viscous damping. For linear systems, the effect of damping is most pronounced in the dynamic response near the resonance frequency in the frequency response function. We refer to these books [39] [40] [41] [42] for further discussions on general analysis and modelling of damping in dynamic systems. Unlike the inertia and stiffness forces, the theoretical modelling of damping from the first principles is not a general approach. Normally this is done in a case by case basis by investigating damping mechanisms of a particular dynamic problem. For simplification, it is customary to model damping by a viscous damping factor, which presents an equivalent damping of the system. The effect of the damping factor on the resonance frequency is small. For this reason, micromechanical mass sensing methods derived based on the assumption of undamped system dynamics, as normally done in practice, is valid for lightly damped systems also. This aspect will be investigated further in this paper.
Micromechanical mass sensing based on resonance frequency shift approach relies on the fact the inherent damping in the system is small (high Q-factor). The aim of this work is to relax this assumption and consider cantilever resonators with high damping. It will be shown that in this situation, mass sensing methods alternative to measuring the resonance frequency is possible. Consequently, the frequency-shift is not the only measurement that needs to be employed for mass sensing. The outline of the paper is as follows. In section II the equation of motion of damped cantilevers is discussed. In particular, in subsection II.1 the continuum model is shown and the corresponding single degree of freedom approximation is obtained in subsection II.2. Dynamic analysis of mass absorbed damped cantilevers is discussed in section III and the key results necessary for mass sensing is derived. The main techniques for mass sensing exploiting the damped dynamics are developed in section IV. Three main ideas have been put forward, namely, 1. mass sensing using frequency shifts in the complex plane (in subsection IV.1), 2. mass sensing from damped free vibration response in the time domain (in subsection IV.2), and 3. mass sensing from the steady-state response in the frequency domain (in subsection IV.3). Finally, section V summarises the work and draws some conclusions.
II. Equation of motion of damped cantilevers II.1. The Exact Partial Differential Equation
The dimension of microcantilevers can vary depending on applications. Typically, the dimensions are in the order of 100µm long, 50µm wide and 0.5µm thick 1 . Due to the small thickness to length ratio, Euler-Bernoulli beam theory can be used to model bending vibration of such microcantilevers. The equation of motion of a damped cantilever modelled (see for example 43 ) using Euler-Bernoulli beam theory can be expressed as
In the above equation x is the coordinate along the length of the beam, t is the time, E is the Youngs modulus, I is the second-moment of the cross-section, A is the crosssection area, ρ is the density of the material, F (x, t) is the applied spatial dynamic forcing and U (x, t) is the transverse displacement. The length of the beam is assumed to be L. Additionally c 1 is the strain-rate-dependent viscous damping coefficient, c 2 is the velocity-dependent viscous damping coefficient. The strain-rate-dependent damping can be used to model inherent damping property of the material of the cantilever beam. The velocitydependent viscous damping can be used to model damping due to external factors such as a cantilever immersed in an fluidic environment. Schematic diagram of a cantilever micromechanical sensor immersed in a viscous fluid is shown in Fig. 1 . The viscous fluid is used for illustration purpose only. Its main role for the purpose of this paper is that it simulates external damping to the vibrating system. We refer to other works 37, 38 for more detailed discussions on vibrating cantilevers in fluid. The undamped natural frequencies (Hz) of a cantilever resonator can be expressed as
where λ j needs to be obtained by 44 solving the following transcendental equation cos λ cosh λ + 1 = 0 (3) Solving this equation, the values of λ j can be obtained as 1.8751, 4.69409, 7.8539 and 10.99557. For larger values of j, in general we have λ j = (2j − 1)/2π. The vibration mode shape corresponding to the j-th natural frequency can be expressed as
where ξ = x L is the normalised coordinate along the length of the cantilever. For sensing applications we are primarily interested in the first few modes of vibration only.
Consider the attached object of mass M at the end of the cantilevered resonator in Fig. 1 . The boundary conditions with an additional mass of M at x = L can be expressed as that (see for example 28 ) the resonance frequencies are still obtained from Eq. (2) but λ j should be obtained by solving
is the ratio of the added mass and the mass of the cantilever. If the added mass is zero, then one can see that Eq. (7) 
where i = √ −1. Substituting this in the beam equation (1) we have
+ iω c 2 u(x) = f (x) (10) Following the damping convention in dynamic analysis as in 45 , we consider stiffness and mass proportional damping. Therefore, we express the damping constants as c 1 = α(EI) and c 2 = β(ρA) (11) where α and β are stiffness and mass proportional damping factors. Substituting these, from Eq. (10) we have
The first part of the damping expression is proportional to the stiffness term while the second part of the damping expression is proportional the mass term. The general solution of Eq. (12) can be expressed as a linear superposition of all the vibration mode shapes (see for example 45 ). Micromechanical mass sensors are often designed to operate within a frequency range which is close to fist few natural frequencies only. Therefore, without any loss of accuracy, simplified lumped parameter models can be used to corresponding correct resonant behaviour. This can be achieved using energy methods or more generally using Galerkin approach.
Galerkin approach can be employed in the time domain or in the frequency domain. We adopt a time domain approach. The necessary changes to apply this in the frequency domain is straightforward for linear problems and therefore not elaborated here. Assuming a unimodal solution, the dynamic response of the beam can be expressed as U (x, t) = u j (t)φ j (x), j = 1, 2, 3, · · · (13) Substituting this assumed motion into the equation of motion (1), multiplying by φ j (x) and integrating by parts over the length one has (14) Using the equivalent mass, damping and stiffness, this equation can be rewritten as
where the equivalent mass and stiffness terms are given by
The equivalent damping and the equivalent forcing are expressed as c eqj = αk eqj + βm eqj (18)
Using the expression of the mode-shape in Eq. (4), the integrals I 1j and I 2j can be evaluated in closed-form for any general mode as
The denominator D is given by D = cosh 2 λ j + 2 cos λ j cosh λ j + cos 2 λ j (22) For the first mode of vibration (j = 1), substituting λ 1 = 1.8751, it can be shown that I 11 = 1 and I 12 = 12.3624. If there is a point mass of M at the tip of the cantilever, then the effective mass becomes
Using the expression of the mode-shape we have
For the first mode of vibration it can be shown that I 31 = 4. The equivalent single degree of freedom model given by Eq. (15) is used in the rest of the paper. However, the expression derived here are general and can be used if higher modes of vibration 46 were to be employed in sensing.
III. Dynamic Characteristics of Mass Absorbed Damped Oscillators
For notational simplification, from (15) , the equation of motion of the equivalent single degree of freedom cantilever resonator without any added mass is expressed as
where
We call the oscillator given by Eq. (25) as the reference oscillator. Diving by m 0 , the equation of motion can be expressed as
Here the undamped natural frequency (ω 0 ) and the damping factor (ζ 0 ) are expressed as
and
In view of the expression of c 0 in (26), the damping factor can also be expressed in terms of the stiffness and mass proportional damping constants as
Taking the Laplace transform of Eq. (27) we have
where U 0 (s) and F (s) are the Laplace transforms of u 0 (t) and f (t) respectively. Solving the equation associated with coefficient of U 0 (s) in Eq. (27) without the forcing term, the complex natural frequencies of the system are given by
Here the imaginary number i = √ −1 and the damped natural frequency is expressed as
For a damped oscillator, at resonance, the frequency of oscillation is given by ω d0 < ω 0 . Therefore, for positive damping, the resonance frequency of a damped system is always lower than the corresponding underlying undamped system.
The Quality factor (Q-factor) of an oscillator is the ratio between the energy stored and energy lost during one cycle when the oscillator vibrates at the resonance frequency. It can be shown that (omitting the subscript 0) the Q-factor
Alternatively, the damping factor can be related to the Q-factor as
We will use both factors as appropriate.
Lets us now consider that due to the added mass, the new mass is given by m 0 + m 0 ∆ = m 0 (1 + ∆) (36) The non-dimensional mass factor ∆ quantifies the additional 'absorbed mass'. This is the primary quantity of interest which we want to identify by exploiting the dynamic behaviours of the damped oscillator. From a practical standpoint, 0 < ∆ ≪ 1. The equation of motion of the mass-absorbed oscillator is given by
is the displacement variable of the new system. Dividing by m 0 and taking the Laplace transform, we have
Here U m (s) is the Laplace transform of u m (t). It is assumed that only the mass of the system has changed. The damping and the stiffness of the system remain identical to the reference system. In this way we can precisely quantify the impact of the added mass on the dynamics of the system. The complex natural frequencies of the mass-absorbed oscillator are given by
this equation can be rewritten as
We define the natural frequency and damping factor of the mass-absorbed oscillator as
Using these, from (40), the complex natural frequencies of the system can be given similar to Eq. (32) as
where the damped natural frequency of the mass-absorbed oscillator is expressed as
After some algebra, this can be related to the damped natural frequency of the reference system as
Using Eqs. (34), (35) and (42), the Q-factor of the massabsorbed oscillator can be related to the reference oscillator as
Equations (41), (42), (45) and (46) completely relate the undamped natural frequency, damping factor, damped natural frequency and Q-factor of the mass-absorbed oscillator to that of the reference oscillator. The conventional assumptions small damping (large Q-factor) and small mass change have not been used in these derivations. For oscillators with small damping , that is ζ 0 ≪ 1, Eqs. (45) and (46) can be approximated as
and Q m ≈ Q 0 √ 1 + ∆ (48) Based on this analysis, the following important points can be established: 1. The undamped natural frequency of the mass-absorbed oscillator is less than that of the reference oscillator. The difference in the value of the frequency, or the 'frequency shift' as commonly referred to, can be quantified by Eq. (41). 2. The damping factor of the mass-absorbed oscillator is less than that of the reference oscillator and can be quantified by Eq. (42) . The amount of change in the damping factor is exactly the same as the change in the undamped natural frequency. 3. Following on from the above observation, the Q-factor of the mass-absorbed oscillator is more than that of the reference oscillator and can be quantified by Eq. (46) or approximately by Eq. (48) . If the approximation is considered, then the change in the Q-factor exactly reflects the change in the damping factor (that is by √ 1 + ∆). 4. Similar to the undamped natural frequency, the damped natural frequency of the mass-absorbed oscillator is less than that of the reference oscillator. The frequency shift can be quantified by Eq. (45) or approximately by Eq. (47) . If the approximation is considered, then the frequency shift of the undamped and damped natural frequencies becomes the same. The first observation regarding the shift in the undamped natural frequency is very well known. In fact, this is the primary scientific basis behind micromechanical mass sensing. However, observations 2 and 3 above show that the added mass changes the damping factor and the Qfactor by a similar amount. This fact has not been exploited in micromechanical mass sensing. Just like what is done with the undamped frequency shift, any experimental technique to measure the damping factor or the Q-factor can be used for mass sensing. This can be employed when the conventional frequency shift analysis becomes difficult to apply accurately, for example, in a low Q-system. Alternatively, mass sensing from the damping factor and Q-factor shift can be used in conjunction with the classical frequency shift analysis. Results using this new approach can either be used to validate frequency shift based results or can be averaged to obtain more robust and consistent results. It should be emphasised that the high Q-factor assumption only simplifies certain mathematical expressions. This assumption is not necessary to establish the fundamental fact behind the damping factor and Q-factor shift. For high Q-factor oscillators, from Eqs. (41), (42), (48) and (47) we observe that the undamped natural frequency changes by exactly the same amount as the damping factor, Q-factor and the damped natural frequency.
It is important to physically understand the reasons behind these observations so that they are not just artefacts arising from mathematical manipulations in Eq. (40) . When an additional mass is added to an existing oscillator, it becomes heavier. As a result, the 'new' oscillator vibrates slowly and therefore results in a natural frequency which is lower than the reference natural frequency. This is what has been quantified in Eq. (41) for the undamped natural frequency and in Eq. (45) for the damped natural frequency. When the free vibration at resonance is considered, the oscillator with an additional mass has more kinetic energy compared to the reference oscillator. As the stiffness and damping remain the same, this additional energy allows the oscillator to vibrate for longer (although at a slower frequency). This is reflected by a lower effective damping factor as given by Eq. (42) . Alternatively, if the peak response at the resonance frequency is considered, the extra kinetic energy would result in a higher vibrational amplitude. This, in turn, would be reflected by a higher and sharper peak at the resonance, resulting in an effective increase of the Q-factor as quantified in (46) . In the next section, we explore some ideas on how to exploit the changes in these fundamental dynamic properties of an oscillator for inertial mass sensing.
IV. Approaches to Mass Sensing Using Damped Dynamics
In the last section, we have pointed out that the changes in the damping factor and the Q-factor due to an added mass to a damped oscillator can provide an alternative route to micromechanical mass sensing. This can be used in conjunction with the conventional frequency shift based approaches or can be established as a new avenue. In the next subsections, three distinct approaches are suggested based on the nature of experimental measurements. These include, (1) frequency shifts in the complex plane, (2) free vibration response in the time domain, and (3) steady-state response in the frequency domain.
IV.1. Mass Sensing Using Frequency Shifts in the Complex Plane
The complex frequency in given by Eq. (43) has the real and imaginary parts as follows
The real part is always negative for a stable system and it is related to the decay rate of the dynamic response. The imaginary part corresponds to the oscillation frequency of the dynamic response of the damped system. In Fig. 2 added mass is considered up to ∆ = 0.5 for illustrative purposes. From this plot, the following observation can be made: 1. When the Q-factor of the reference oscillator is very high, as can be seen in lines for Q 0 = 250 in Fig. 2 , the effect of added mass is only pronounce in the oscillation frequency. Its effect on the decay rate is negligible when viewed in this scale. This is the primary reason why most micromechanical sensing approach exploits the frequency shift only (changes in the Y-axis in Fig. 2 ). 2. The Q-factor of the reference oscillator does not have a significant effect on the change in the oscillation frequency due to the added mass. This can be seen from Fig. 2 that the change in the Y-axis is confined within 1-0.8 (0.8165 to be precise) for a change of mass ∆ = 0.5. 3. When the Q-factor of the reference oscillator is low (less than 50), noticeable change in the real part of the complex frequency can be observed. Unlike the imaginary part where the total change in independent of the Qfactor, the total change in the real part increases with lower Q-factor. Therefore, it is clear that in a low Qfactor situation, the changes in the decay rate of the oscillator can be a credible pathway for inertial mass sensing. In Fig. 3 , the absolute change in the real and imaginary parts of the complex frequency due to the addition of mass is shown. the results are plotted as a function of the the Q-factor of the reference oscillator. Except for very low Q, the absolute change in the imaginary part is always higher than that of the real part when viewed together in one plot (note that the physical meanings of the real and imaginary parts are very different). Additionally, the nature of the change in the real and imaginary parts is drastically different. The changes in the imaginary part (oscillation frequency) is independent of the Q-factor when Q 0 > 5. It also remains distinctly different for different values of the added mass ∆. On the other hand, the absolute change in the real part reduces with increasing Q-factor. For oscillators with larger Q-factors, the absolute change in the real part becomes very small and effectively indistinguishable for different values ∆. Figure 3 illustrates clearly why the change in the imaginary part is the most appealing quantify for mass sensing.
Although the complex frequency appears as a single quantity in (43) , the measurement of the real and imaginary parts, in general, requires quite different approaches. The real part (decay rate) is easier to measure in low-Q systems, while the imaginary part (oscillation frequency) is easier to measure in high-Q systems with sharper response peaks. Experimental techniques are constantly improving and it is reasonable to assume that both the real and imaginary parts can be accurately measured for a wide range of micromechanical systems. The consideration of complex frequency offers a mathematically richer potential for micromechanical inertial sensing compared to the only oscillation frequency based approach which restricts the problem on the imaginary axis only. Since we established in Fig. 3 that the changes in the real part alone is unlikely to offer a realistic prospect, we investigate the two other cases, namely, (a) the consideration of the complex frequency, and (b) the consideration of only the imaginary part of the complex frequency (the classical case).
IV.1.1. The consideration of the complex frequency
It is assumed that the complex frequency (that is, both the real and imaginary parts) of the reference oscillator is known. Once the oscillator is mass-absorbed, the complex frequency is experimentally measured again. A key aim of micromechanical sensing is to be able to detect the mass from the change in the frequency. With two complex numbers, the change can be established either by the calculating the absolute of the difference or by difference of the absolutes. We adopt the second quantity as it turns out to give simpler analytical expressions for the absorbed mass. We define the normalised complex frequency shift parameter as
We use the notation ∆ f which is normally used when the frequency is given in Hz. However, as we consider a normalisation with respect to ω 2 , the unit of the frequency (Hz or rad/s) does not change the value of ∆ f . Using the expressions in Eqs. (49) and (50), the above equation can be simplified to
From the normalised complex frequency shift, the absorbed mass can be obtained as
A rather unexpected observation from this equation is that the absorbed mass is independent of the Q-factor of the reference oscillator. This implies that if (measured) complex frequencies are used, the mass identification equation (53) can be used for any oscillator irrespective of their Q-factor.
IV.1.2. The consideration of only the imaginary part of the complex frequency
The mass identification equation in (53) appears to be similar to the classical case 18, 28 when only the undamped oscillation frequency is used (that is only the real part and ignoring the damping). The key difference between (53) and similar equations obtained only from the consideration of the resonance frequency shift is that the real part of the complex frequency is ignored in the calculations. As this is a common practice, we investigate this case when the Q-factor of the reference oscillator is low. For damped systems, any experimental measurement always measures the damped frequency. This is because at resonance the cantilever sensor oscillates with the damped frequency (ω d ) and not with the undamped frequency. Therefore, we define the normalised damped frequency shift as
Unlike the previous case in (51), this is defined by the difference in two frequencies and not by their squared values. Using the expressions in Eq. (50), the above equation can be simplified to
After some algebraic manipulations, this can be expressed by a quadratic equation in ∆ and its relevant root can be given by
This is the exact equation which gives the mass absorption factor ∆ from the measured (normalised) frequency shift ∆ f of a damped oscillator. If it is assumed that the Q-factor of the reference oscillator is high (ζ 2 0 ≈ 0), then the above equation simplifies to the well known special case as
The last equation is obtained by expanding the right hand side of Eq. (57) in a Taylor series about ∆ f = 0. Therefore, when the Q-factor is very high (ζ 2 0 ≈ 0) and the measured frequency shift is small compared to the frequency of the oscillator ((∆ f ) n ≈ 0, ∀n ≥ 2), the exact equation for mass identification in Eq. (56) reduces to ∆ ≈ 2(∆ f ) by keeping the first term in the series in (58).
IV.2. Mass Sensing From Damped Free Vibration
Response in the Time Domain
Free vibration response of a damped oscillator can be used to obtain the decay rate. The dynamic response of the mass-absorbed oscillator in (37) due to an initial displacement u i0 and initial velocityu i0 can be expressed following 47 as
and φ m = tan
In Fig. 4 , the dynamic response given by Eq. (59) is used for zero initial velocity and is plotted by normalising it with u i0 . The time axis is normalised with the undamped time period of the reference oscillator
Observe that the mass-absorbed oscillator vibrates for longer period with higher amplitudes with lower freqnecy. These plots confirm that the mass-absorbed oscillator has a lower resonance frequency and damping factor as given by Eqs. (41) and (42) . To investigate this further, we show a representative case in Fig. 5 . The difference in Normalised response of the oscillator in the time domain due to an initial displacement plotted as a function of normalised time τ = t/T0 for mass absorption factor ∆ = 0.5 and Q0 = 20.
the decay rate of the response of the reference oscillator and the mass-absorbed oscillator can be seen clearly. Therefore, by measuring the decay rate, it would be possible to identify the mass absorption factor ∆ from their difference. This can be done by directly measuring the displacement or velocity readouts (using optical readout for example) and obtaining two successive peaks as shown in Fig. 5 .
Among various available techniques, the logarithmic decrement method (see for example 47 ) is one of the simplest and provides reasonably accurate results for the damping factors from the measured peaks. The main idea is to measure the height of two (or more) successive peaks and obtain the damping factor from the decrement. For any given damped oscillator, the logarithmic decrement is defined as
Using the expression of u(t) as given in Eq. (59), it can be shown that for the mass-absorbed oscillator
In a similar way, the logarithmic decrement for the reference oscillator δ 0 can also be expressed. Assuming that the logarithmic decrements for the reference oscillator and the mass-absorbed oscillator have been experimentally measured from the response readouts, we propose an approach for obtaining the mass absorption factor. Taking the ratio of the logarithmic decrements for both the oscillators we have
Using Eq. (42), and taking the square of the above equa-
The mass absorption factor therefore can be obtained by solving this equation as
Although this sensing technique relies on the measurement of the decrement of the dynamic response, small damping is not a requirement for this to be applicable. For systems with even very high Q-factor, the logarithmic decrements can be calculated by measuring response peaks several cycles apart as
Here, n > 1, is the number of periods the measured peaks are apart. When the Q-factor of the reference oscillator is high (ζ 2 0 ≈ 0), Eq. (67) can be further simplified as
Having established that the response decrement can be used for mass sensing in addition to the conventional frequency shift approach, in the next subsection we investigate methods in the frequency domain.
IV.3. Mass Sensing From the Steady-State Response in the Frequency Domain
The mass sensing approach developed in the previous section is based on the transient response due to initial conditions. In many situations the cantilevers can be excited by external harmonic forces. This can be applied directly to the cantilever, or can be applied by exciting root of the cantilever. Here the formulations are developed for direct excitations only. The ideas presented however can be easily extended to the case of root excitation. When steady-state response due to harmonic or broadband random excitations are considered, the frequency-domain methods provide most physically intuitive and analytically simplest solutions. Assuming the amplitude of the harmonic excitation as F , from the Laplace transform expression in Eq. (38) , the response in the frequency domain can be expressed by substituting s = iω as
Dividing this by ω 2 0 , the frequency response function of the mass-absorbed oscillator can be expressed as
where the normalised frequency and the static response are given by
In Fig. 6 , the frequency response given by Eq. (71) is plotted by normalising it with U st . It can be observed that the mass-absorbed oscillators show a reduced resonance frequency and reduced damping for all Q-factor values of the reference oscillator. Although the nature of the frequency response changes (sharper for higher Qfactor), the behaviour of frequency and damping shift is consistent to what was observed in the previous two sections (see for example Eqs. (41) and (42)). Next, we propose few strategies to obtain the value of the absorbed mass based on the changes in the frequency response observed in Fig. 6 .
IV.3.1. The peak response method
Frequency response functions such as the ones shown in Fig. 6 can be obtained by the Fast Fourier Transform (FFT) of a measured readout signal in the time domain. In practice, the natural frequency and the damping factor are often obtained from the frequency response function measurments. Therefore, the natural frequency and the damping factor are effectively obtained by 'postprocessing' the frequency response functions. In some cases, this process can introduce errors. Here we develop a mass sensing approach that directly uses the frequency response function and avoids direct derivation of the natural frequency and the damping factor.
We assume that the maxima or the peak of the frequency response function can be located and measured. In Fig. 7 the peak of the frequency response of the reference oscillator and the mass-absorbed oscillator are shown. The shift in frequency, as well as damping, are marked in the plot. The aim is to utilise both of these information simultaneously to obtain an estimate of the absorbed mass.
To obtain the maxima of the frequency response, we take square of the amplitude given by Eq. (71) and set its derivative with respect to Ω 2 to zero, that is
Solving this equation for Ω, it can be shown that the normalised frequency corresponding to maximum frequency response amplitude is given by
The normalised (by U st ) amplitude of the maximum response at the above frequency point can be obtained as
In a similar way the maximum frequency response for the reference oscillator H 0 can also be expressed. Assuming that the maximum frequency response for the reference oscillator and the mass-absorbed oscillator have been experimentally measured, we propose an approach for obtaining the mass absorption factor.
Taking the ratio of the maximum frequency response for both the oscillators we have
Squaring both sides, this equation can be simplified to a quadratic equation in ∆. Solving that equation and keeping only the relevant root, the mass absorption factor can be obtained as
The last equation was obtained by a Taylor series expansion of the expression of ∆ in Eq. (77) about ζ 0 = 0. For systems with high Q-factor, neglecting higher-order terms in ζ 0 , the absorbed mass can be explicitly expressed in terms of the peak responses of both the oscillators as
For further lightly damped systems (ζ 2 0 ≪ 1) we have the following simplification
Neither the calculation of the resonance frequencies nor the calculation of the damping factors are required to apply this expression. This result is also independent of the Q-factor of the oscillator. Since the frequency response maxima amplitudes appear as a ratio in Eq. (80), units of measurments or normalisation do not effect the result.
From the point of view of ease of measurements, Eq. (80) represents the simplest mass sensing approach.
IV.3.2. The half-power point method
Half-power (frequency) points refer to those frequency values for which the response amplitude square is half of that of the maximum amplitude square. If the response amplitude is considered, this amounts to a reduction of 1/ √ 2 of the amplitude. If one uses the decibel scale, then this reduction is 20 log 10 (1/ √ 2) = −3.0103 ≈ −3db. The half-power points are often used to obtain the damping factor of an oscillator [48] [49] [50] [51] [52] as the reduction of the response is a direct function of damping. It was established before that the damping factor of the mass-absorbed oscillator is different from the reference oscillator. Therefore, this difference would be reflected in the half-power bandwidths of the oscillators. This is the physical basis of this mass sensing approach.
We assume that the half-power points can be located and the bandwidth can be measured. In Fig. 8 the halfpower points of the reference oscillator and the massabsorbed oscillator are shown. The aim is to utilise the difference in the half-power bandwidths to obtain the mass absorption factor ∆. By definition, the half-power points are obtained from the following relationship
where H m is defined in Eq. (75). Expanding the relevant terms and simplifying, the equation governing the half-power points for the mass-absorbed oscillator can be given by 
Reference oscillator ∆=0.5 
This is a quadratic equation in Ω
2 an can be solved easily to obtain the lower and higher half-power points
The half-power bandwidth is defined as the difference between these two points (see Fig. 8 ) and can be expressed as
This quantity can be obtained from experimentally measured frequency response functions. In a similar manner the half-power bandwidth for the reference oscillator B 0 can also be measured. It is proposed that the shit in the half-power bandwidth to be used for mass sensing. This quantity is expressed as 
If exact mathematical procedure is followed, it is not possible to obtain the mass absorption factor ∆ as a closedform expression of the half-power bandwidth shift ∆B from this equation. Expanding the right-hand side by a Taylor series about ζ 0 , this equation can be simplified after some algebra as
Assuming small damping and therefore ignoring the third and higher order terms in ζ 0 , from the above equation we have
This is a simple equation which can be easily applied in practice. Recall that ∆B as defined in (86) is a relative (dimensionless) bandwidth shift. This should be obtained by dividing the actual (dimensional, Hz or rad/s) bandwidth shift with the undamped natural frequency of the reference oscillator.
IV.3.3. The half-power band area method
The two frequency domain identification techniques suggested before in this section relies on 'point estimates'. This implies that the value of the identified mass is completely defined by the response measurements at one (for the peak response method) or two (for the half-power point method) frequency points. These approaches are expected to provide accurate results when the measured frequency response functions are free of any noise. However, in many practical situations, some amount of noise in the measured data is inevitable. In such situations, an approach which uses data over many frequency points may be beneficial as the effect of noise may get averaged and in turn, would give more reliable results. This is the motivation behind the approach to be developed in this section. The main idea is that we use the area under the frequency response function within the half-power bandwidth. In this way, the information used in the previous two methods, that is, the peak response and the response at the two half-power points are included along with all the other response points within the band.
The squared-response of the reference oscillator and the mass-absorbed oscillator for ∆ = 0.5 and Q 0 = 10 are shown in Fig. 9 for example. Unlike the two previous cases, we consider the square of the frequency response function for the ease of the integration. The area within the half-power band width can be obtained as
Using a transformation of variable z = Ω 2 this integral can be obtained in closed-form as
From this we calculate the half-power band area ratio
From this relationship, the absorbed mass factor can be 
V. Summary and Conclusions
Inertial mass sensing using vibrating microcantilever is discussed. Micromechanical mass sensing exploits a shift in the resonance frequency caused by the absorption of a mass to an existing cantilever. It is suggested that an alternate route to mass sensing is possible by exploiting a 'damping factor shift' when the Q-factor of the underlying reference cantilever is low. This approach complements the existing frequency-shift based approach. It is shown that the absorption of a mass to a lightly damped oscillator changes the resonance frequency and the effective damping factor (also the Q-factor) by exactly the same amount. Based on this fundamental observation that the absorption of a mass to an existing cantilever changes its effective damping behaviour, three new approaches to mass sensing is proposed. These methods are based on (a) frequency shifts in the complex plane, (b) damped free vibration response in the time domain, and (c) the steady-state response in the frequency domain. A summary of the methods and their corresponding closedform expressions for mass sensing is given in Table I . In total 12 equations are listed which can be used for mass sensing from different damped dynamic measurements. The first group of methods utilise the shift in the (squared) complex natural frequency and damped resonance frequency. Note that conventional frequency measurement techniques usually measure the damped resonance frequency and not the complex natural frequency (as this also contains the decay information). The second group of methods utilise the shift in the logarithmic decrement, which can be measured directly from the free vibration response in the time domain due to some initial conditions (velocity or displacement). The third group of methods utilise the shifts in the maxima of the frequency response function, half-power bandwidth and the area within the half-power bandwidth.
These new mass sensing expressions can be employed when the frequency shift analysis becomes difficult, as in a low Q-system. They can be applied in conjunction with the conventional frequency shift analysis. Results using these approaches can either be used to validate frequency-shift based results or can be averaged to obtain more robust and consistent results. One can even employ more than one methods proposed here and compare the values of the identified mass and check for consistency.
These analytical expressions broaden the horizon of mass sensing and opens up the immense possibility of utilising multiple experimental measurements simultaneously. Future research needs to be directed towards experimental investigations involving the ideas presented here. The experimental techniques for measuring the natural frequencies have evolved over the years to be extremely precise, compared to any other quantities such as the damping factor. The proposed methods should be viewed not only from the point of view of the underlying mathematical methods, but also from the possible sources or experimental errors in the necessary quantities listed in Table I . Future research is necessary for rigorous error analysis and sensitivity with respect to noise in the measured data. This table lists different closed-form expressions for mass sensing developed in the paper. The undamped natural frequency, damping factor and Q-factor of the reference oscillator are ω 0 , ζ 0 and Q 0 .
Methods

Measured quantity
Identified mass absorption factor (∆ = ∆m/m 0 )
